Abstract. Torus manifolds are topological generalization of smooth projective toric manifolds. We compute the rational cohomology ring of a class of smooth locally standard torus manifolds whose orbit space is a connected sum of simple polytopes.
Introduction
Topological generalization of non-singular smooth projective toric varieties first appeared in the pioneer work of Davis and Januszkiewicz [DJ91] . These spaces are now known as quasitoric manifolds [BP02] . Further generalization like torus manifolds, manifolds with local torus action, topological torus manifolds has appeared in [HM03] , [Yos11] and [HI13] . In a word study of torus actions on manifolds and orbifolds sparks many interesting development. Briefly, A torus manifold is an even dimentional manifold with an effective half-dimensional torus action having nonempty fixed points. In addition if if the local representation resemble the standard action, then it is known as locally standard torus manifold. An example of locally standard torus manifold which is not quasitoric manifold is even dimensional sphere S 2n with the standard action of T n , see Example 2.10. The term 'quasitoric manifold' first appeared in [BP02] , but this was called 'toric manifold' in [DJ91] . Many topological invariants of locally standard torus manifolds are known, for example [MP06] , [Ayz16a, Ayz16b] . Before this article, no explicit presentation for the cohomology ring of torus manifold is known if there is non-vanishing odd homology.
In this paper, we consider torus manifolds which may be obtained by equivariant gluing of quasitoric manifolds along deleted neighborhood of nontrivial torus orbits, see Section 2. We remark that more general connected sum may be found in [GK98] . In Section 3, we study homotopy type of the complement of an orbit of the natural T n -action on S 2n . Since our gluing is not at a fixed point, the orbit space is not homology polytope. That means it has nontrivial odd homology, see Section 4 for example. We compute the rational cohomology ring of these torus manifolds in Section 5.
Basics of torus manifolds
2.1. Connected sum of manifolds with corners. A polytope is the convex hull of a finite set of points in R
n . An n-dimensional polytope is said to be simple if every vertex is the intersection of exactly n codimension one faces. Ready examples of simple polytopes are simplices and cubes. Manifold with corners and manifold with faces are discussed in detail in Section 6 of [Dav83] . Here by manifold with corners we will refer nice manifold with corners. A class of examples of manifolds with corners are simple polytopes. More properties on manifold with corners can be found in [Joy12] . Now we discuss connected sum of manifolds with corners at a relative interior point of faces. Let P and Q be two n-dimensional oriented manifolds with corners in R n . Let F and G be k-dimensional (k ≥ 0) faces of P and Q respectively. Let x F and y G belong to the relative interior of F and G respectively. Let B and C be open n-ball around x F and y G respectively in R n such that (2.1)
(1) B ∩ P and C ∩ Q are homeomorphic as manifold with corners to R k × R n−k ≥0 . (2) B ∩ H is empty for any face H of P not containing F.
(3) C ∩ K is empty for any face K of Q not containing G.
Then ∂B ∩ P and ∂C ∩ Q are homeomorphic as manifold with corners. Identifying ∂B ∩P and ∂C ∩Q via an oriented reversing homeomorphism, we get a new oriented manifold with corners, denoted by P # x F ,y G Q.
If P, Q are simple polytopes and F, G are vertices of P, Q respectively, then the connected sum P # x F ,y G Q is homeomorphic as manifold with corners to a simple polytope, see Construction 1.13 in [BP02] .
If P, Q are simple polytopes and F = P and G = Q, then the connected sum P # x F ,y G Q is diffeomorphic as manifold with corners to a polytope with simple holes, see Subsection 2.1 in [PS15] .
Example 2.1. Some polytope with simple holes in R 2 are given in Figure 1 . The first figure is the connected sum of a rectangle and a triangle at their interior points. The second figure is the connected sum of an octagon, a rectangle and a triangle at their interior points. Remark 2.2. ∂B ∩ P is contractible if and only if dimension of F is less than n. So P # x F ,y G Q is contractible if and only if dimension of F is less than n and P, Q are contractible.
Lemma 2.3. Let P be an n-dimensional polytope with simple holes. Then H 2 (P, Z) is trivial if and only if n = 3.
Proof. Let P be an n-dimensional polytope with s simple holes. So P is homotopic to wedge of s many (n − 1)-dimensional sphere. Lemma follows from this. Now we discuss another type of connected sum of manifolds with corners at faces. Let P and Q be two n-dimensional oriented manifolds with corners in R n . Let F and G be k-dimensional (k ≥ 1) contractible faces of P and Q respectively. Let B and C be tubular neighborhood of F and G in P and Q respectively such that
(1) P − B and Q − C are manifold with corners in R n . (2) B and C are homeomorphic as manifold with corners to the sets F × R n−k ≥0 and G × R n−k ≥0 respectively. Then B ∩ (P − B) and C ∩ (Q − C) are homeomorphic as manifold with corners. Identifying B ∩ (P − C) and C ∩ (Q − C) via a homeomorphism, we get a new oriented manifold with corners, denoted by P # F,G Q. Using Van-Kampen theorem for fundamental group, one can show the following.
Lemma 2.4. If P and Q are contractible manifold with corners, then P # x F ,y G Q is contractible. In addition, if F, G are contractible then P # F,G Q is contractible manifolds with corners.
2.2. Combinatorial construction. Let P be an n-dimensional oriented manifold with corners in R n . Let F(P ) = {F 1 , F 2 , . . . , F m } be the set of all codimension one faces (facets) of P . Note that if F is a nonempty face of P of codimension k then F is a connected component of the intersection of a unique collection of k facets of P . The following definition is a straightforward generalization of the notion of characteristic function for a simple polytope, which is a crucial concept for studying quasitoric manifolds [DJ91, BP02] .
Definition 2.5. [HM03] A closed, connected, oriented, smooth manifold Y of dimension 2n with an effective smooth action of T n with non-empty fixed point set is called a torus manifold if a preferred orientation is given for each characteristic submanifold. A characteristic submanifold is, by definition, any codimension two closed connected submanifold of Y , which is fixed by some circle subgroup of T n and contains at least one T n -fixed point.
Definition 2.6. [HM03] A torus manifold M of dimension 2n is locally standard if every point in M has an invariant neighborhood U weakly equivariantly diffeomorphic to an open subset W ⊂ C n invariant under the standard T n -action on
We briefly recall the construction of some locally standard torus manifolds.
Definition 2.7. A function ξ : F(P ) → Z n is called a characteristic function on P if it satisfies the following condition: Whenever F = k j=1 F i j is an (n−k)-dimensional face of P , the span of the vectors ξ(
We will denote ξ(F i ) by ξ i for simplicity and call it the characteristic vector of F i .
For any face F = k j=1 F i j of P , let N (F ) be the submodule of Z n generated by
Define an equivalence relation ∼ on the product space T n × P by
where F is the unique face of P whose relative interior contains x. We denote the quotient space as follows.
The space M (P, ξ) is a 2n-dimensional locally standard torus manifold. The proof of this is analogous to the toric manifold case in [DJ91] . The T n action on (T n × P ) induces a natural effective action of T n on M (P, ξ), which is locally standard. Let π : M (P, ξ) → P be the projection or orbit map defined by π([(t, x)]) = x. Since M (P, ξ) is locally standard, the T n -fixed point set corresponds bijectively to the set of vertices of P . Observe that the spaces
We say that M (P, ξ) is the torus manifold derived from the characteristic pair (P, ξ).
Let M be a locally standard torus manifold and P = M/T n be the orbit space of T n -action on M . So P is a manifold with corners and vertices of P correspond to the T n -fixed points of M . Let q : M → P be the quotient projection. Let F(P ) = {P 1 , . . . , P m } be the facets of P . Then the characteristic submanifolds (codimension-two submanifolds fixed pointwise by a circle subgroup of T n ) of M are {M i = q −1 (P i ) : i = 1, . . . , m}. So we can choose a map (2.5) λ : F(P ) → Z n such that λ(P i ) is the primitive vector in Z n and determines the circle subgroup of
So λ is a characteristic function on P . Let M (P, λ) be the torus manifold obtained by construction from the pair (P, λ).
2.3. Equivariant connected sums. In Section 6 of [GK98] equivariant connected sum of two smooth manifolds with T n -action is discussed explicitly. Equivariant connected sum of quasitoric manifolds is discussed in Section 6 of [BR01] . We briefly recall the argument for equivariant connected sum of torus manifolds in the following. Let M 1 and M 2 be two smooth locally standard torus manifolds of dimension 2n. Let T 1 ⊂ M 1 and T 2 ⊂ M 2 be two orbit of same dimension. Now changing the action (if necessary) of T n on M 2 by an automorphism of T n , we may assume that T 1 and T 2 have same stabilizer G and for which the isotropy actions are isomorphic. Then by the slice theorem each orbit T i has a tubular neighborhood
for some . Identifying the deleted neighborhood V 1 − T 1 and V 2 − T 2 via an orientation reversing equivariant diffeomorphism we get a smooth manifold, denoted by M 1 # T k M 2 , with a natural locally standard T n -action. If equivariant homeomorphism is considered, then we may loose smooth structure.
The orbit space of T n -action on M 1 # T k M 2 can be described as follows. Let q 1 : M 1 → Q 1 and q 2 : M 2 → Q 2 be the orbit maps for T n -action on M 1 and M 2 respectively. Let q 1 (T 1 ) = x 1 ∈ Q 1 and q 2 (T 2 ) = x 2 ∈ Q 2 . So x 1 and x 2 belong to the relative interior of k-dimensional face H 1 and H 2 of Q 1 and Q 2 respectively. Delete a neighborhood U 1 of x 1 in Q 1 such that the closure of U 1 is homeomorphic as manifold with corners to
Let Q 1 be the remaining manifold with corners. Then Q 1 has a new facet H 1 which is homeomorphic as manifold with corners to
Similarly we can construct the manifold with corners
By assumption on the stabilizer of T 1 , T 2 , we may assume that the characteristic vector of F 1 j and F 2 j are same for j = 1, . . . , n − k. From Subsection 2.1 one can construct a manifold with corners, denoted by Q 1 # x 1 ,x 2 Q 2 , by gluing Q 1 and Q 2 at x 1 and x 2 such that F
Example 2.10. Let [n] = {1, . . . , n} for all positive integer n. Consider (2.6)
The natural T n -action on S 2n is defined by
This is a locally standard action and the orbit map is defined by
So the orbit space is
n + x 2 = 1 and x i ≥ 0 for i = 1, . . . , n}.
Therefore, Q n is a nice manifold with corners. The vertices of Q n are {(0, . . . , 0, ±1)}. A codimension-k (0 < k < n) face of Q n is given by
In particular, the edges of Q n are given by
. . , n. Let F i be the face of Q n defined by
. . , n. Let F be a k-dimensional face of Q. Let x 1 , x 2 be two points in the relative interior of F . Let T i = π −1 (x i ) for i = 1, 2. Then T i satisfy the assumption in previous connected sum construction. So we can construct locally standard torus manifold S 2n # T k S 2n . We denote the inclusion T p ⊂ S 2n by τ p for p = 1, 2.
Example 2.11. From the equivariant connected sum construction we have that the orbit space of the torus manifold
The orbit spaces of S 6 , S 6 #T 1 S 6 , S 6 # T 2 S 6 and S 6 # T 3 S 6 are given in Figure 2 respectively. Note that the manifold with corners in Figure 2 Lemma 2.12. Let M be locally standard torus manifold with orbit space P . If P is a connected sum of simple polytopes, then M is an equivariant connected sum of quasitoric manifolds.
Proof. It is enough to prove when P is the connected sum Q# x F ,y G R where x F and y G are interior points of the k-dimensional faces F and G of the simple polytope Q and R in R n respectively. Let B and C be open n-ball around x F and y G respectively in R n such that conditions in 2.1 are satisfied. So there are diffeomorphisms
. . , Q k } and {R 1 , . . . , R l } be the facets of P, Q and R respectively. Let ξ : {P 1 , . . . , P m } → Z n be the characteristic function of the torus manifold M . We define a function (2.8)
respectively. So η 1 and η 2 are characteristic function of Q and R respectively. Let M 1 and M 2 be the (quasi)toric manifolds over Q and R corresponding to these characteristic functions respectively. Let q : M 1 → Q and r : M 2 → R be the orbit
Lemma 2.13. Let M and N be 2n-dimensional quasitoric manifolds.
Proof. Let π 1 : M → P 1 and π 2 : N → P 2 be two orbit maps. Let ι 1 : T k → M and ι 2 : T k → N be embedding of k-dimensional orbits. So Im(ι 1 ) and Im(ι 2 ) are interior point of k-dimensional face F and G of P 1 and P 2 respectively. Let v 1 and v 2 be vertices of F and G respectively. So v 1 and v 2 are vertices of P 1 and P 2 respectively.
We may assume the polytopes P 1 and P 2 are subset of R n . Let B i be an open ball in R n with center v i such that B i ∩ P i ∩ F is empty for any face not containing the vertex
Without loss of generality, we may consider that Im(ι i ) belongs to π
2n is a torus manifold, we can construct
Corollary 2.14. Let M 1 , . . . , M n be 2n-dimensional (quasi)toric manifolds. Then
Proof. This follows from the successive application of Lemma 2.13.
Torus complement of even dimensional spheres
In this section we discuss the homotopy type of the complement of an orbit of the torus action on even dimensional spheres. We show that if T k ⊂ S 2n is an orbit then S 2n \ T k is homotopic to wedge of some lower dimensional spheres. Let [n] = {1, . . . , n} for all positive integer n. and L(n, 0) the set of faces of Q n including
for k = 0, 1, . . . , n. The following Proposition true from the definition.
be the facet of Q n not containing the edge E k for k ∈ {1, . . . , n}. Define V ([n] − {k − 1}) = Q n−1 k−1 for k ∈ {2, . . . n}. Then similarly as above we can define
Proposition 3.2. For all k, 2 ≤ k ≤ n we have the following homotopy push-out diagram.
(3.1)
Moreover, f and g are null homotopic.
Proof. The maps in both the diagram in the Proposition 3.2 are natural. We'll show f and g are null homotopic. Since U ([n] − {k − 1}) is a sphere of dimension 2n − 2, the map g is null homotopic by dimension reason. First we want to define a homotopy from V ([n] − {k − 1}, k) to E k−1 relative to the vertices of Q n . Let z = (x 1 , . . . , x k−2 , 0, x k , . . . , x n , x) ∈ Q n . Then we have a continuous onto map h :
Hence the map H :
Note that
)/ ∼ where the equivalence relation ∼ is defined in (2.3). The homotopy H induces a map
defined by
Observe that the map H induces a map, denoted by H, from
So H is a homotopy from (
Since the image of h is homeomorphic to [0, 1], the map f is null homotopic.
for 2 ≤ k ≤ n.
Proof. Let π : Q n → R n+1 be the map defined by
n be the image of π. So π : Q n → P n is a homeomorphism. Let ξ : S 2n → P n be the composition of π and π. Let F k = {(0, . . . , 0, y k , . . . , y n , 0) ∈ P n } for k ∈ {1, . . . , n}. Let z be an interior point of
. Let x ∈ P n − {z} and (z, x) be the line in R n+1 passing through the points {z, x}. From the definition of V ([n], k) we can see that (z, x) intersect π(V ([n], k)) in a unique point, say f z (x). So this induces a continuous map f z : P n − {z} → π(V ([n], k)). We define a homotopy
belongs to the relative interior of a face F of Q n then π −1 (f z (x)) belongs to the relative interior of a face of F . So
This proves the first statement of Lemma. The second statement can be proved similarly.
Lemma 3.4.
Proof. Clearly Lemma hold for n = 1 and k = 1. Now assume that Lemma holds for all U (j, k) such that j ≤ n − 1 and for j ≥ k. So by this assumption
where t = n − k + 1. For k = n, t = 1 and U ([n], k) S 2n − S 1 S 2n−2 . So Lemma 3.4 holds. Using the induction hypothesis and Proposition 3.2 we have the following homotopy push-out.
Since f and g are null homotopic, (3.5)
Which shows that Lemma 3.4 holds for U ([n], k − 1).
Homology groups of certain torus manifolds
In this section we compute the homology groups of torus manifolds which are equivariant connected sum of quasitoric manifolds. First we compute the homology of S 2n # T k S 2n of Example 2.10 where 1 ≤ k ≤ n. Other cases can be computed using Corollary 2.14. We adhere the notations of previous sections.
Proposition 4.1. Let n > 2, k = min{k, n − 3}, q(k) = 1 if k = n, and q(k) = 0 if k = n − 2, n − 1. Then homology groups of S 2n # T k S 2n are given by the following.
Proof. Let the orbit T k → S 2n be π −1 (x) such that x belongs to the relative interior F 0 of a k-dimensional face F of Q n . Without any loss, we may assume the edges of F are E n−k+1 , . . . , E n of Q n . Let α : [−1, 1] → Q n be a simple path in Q n defined by joining the points (0, . . . , 0, −1) and (0, . . . , 0, 1), and passing through x. Note that α((0, 1)) ⊆ F 0 , see Figure 3 for examples when n = 3. From the equivariant connected sum construction in subsection 2.3, we have the orbit space of S 2n # T k S 2n is Q n # x,x Q n and the corresponding orbit map given by
For simplicity we assume Q i = Q n represents the i-th component in Q n # x,x Q n . We may perform the connected sum such that Figure 3 . The paths α, α 1 and α 2 is some examples.
Recall from Section 3 that there is a face preserving strong deformation from
We may assume V ([n], n − k + 1) is a subset of Q 2 . Therefore from the connected sum Q n # x,x Q n , we have that the complement of
Then following the arguments in Section 3, one can show that there is a face preserving strong deformation from B \ {α 1 (−1)} onto a vertex cut at α 1 (−1) in Q n # x,x Q n . Here the vertex cut at α 1 (−1) in Q n # x,x Q n is homeomorphic to ∆ n−1 as manifold with corners. So π −1 (B \{α 1 (−1)}) is homotopic to S 2n−1 . Also D is deformation retract of C in Q n # x,x Q n by a face preserving homotopy, and hence π −1 (D) is a deformation retract of π −1 (D n ). Therefore,
We have
) is homeomorphic to the suspension ΣT k , since the image α((0, 1)) belongs to the interior of a k dimensional face F . Then
Note that dimension of U ([n], n − k + 1) is 2n − 2. Then using Mayer-Vietoris sequence for the open subsets π −1 (B) and π −1 (C) of S 2n # T k S 2n , we get the lemma.
Following the notation and proof of Proposition 4.1, we get the following when n = 2. Proposition 4.2. For k ∈ {1, 2}, the homology groups of S 4 # T k S 4 are given by the following.
otherwise.
Cohomology ring of certain torus manifolds
In [LS05] , the authors discuss the rational homotopy type of the complement of a Poincare embedding when the codimension is at least 3. We adhere the notations of previous Sections. We know that S 2n is a torus manifold with orbit space Q n . Let
be embedding of k-dimensional orbit for p = 1, 2 such that Im(τ 1 )∩Im(τ 2 ) is empty. We want to find a model for S 2n # T k S 2n . Note that connected sum depends on the identification of the boundary of normal neighborhood. Here we are considering the identification via identity map (possibly with reverse orientation). In this section, we assume K is a field of characteristic zero and p ∈ {1, 2}.
First, we compute a model for the embedding τ p :
. Then the following diagram commutes with codimension of N p is zero.
So we have the inclusion ∂N p → S 2n − N p . This induces a map φ :
k is a k-dimensional orbit, its tubular neighborhood N p is diffeomorphic to the normal bundle of T k in S 2n which we know is trivial. So ∂N p is homeomorphic to T k × S 2n−k−1 . Now a model for T k is Λ(a 1 , . . . , a k : da j = 0). A model for S 2n−k−1 is Λ(b : db = 0), where |b| = 2n − k − 1. So we get
where |a i | = 1, |c| = 2n, |b | = 2n − k − 1 and d(b a 1 . . . a k ) = c, for all other basis elements d = 0.
Proof. By [LS05, Theorem 1.6] we get that as a Λ(c)-module the model of S 2n − N p in the proposition is correct. Now by results from Section 3, the space S 2n − N p is a wedge of spheres and so (b ) 2 = 0. All other products in B are zero for dimension reason. Therefore the result follows.
Lemma 5.3. Let A be a CDGA with trivial product structure and ΛV → A be a model of A. Let f, g : ΛV → B be CDGA maps where B has zero differential such that H i (f ) and H i (g) are surjective for 2con(A) < i. Then there exists φ : ΛV → ΛV such that f φ g.
Proof.
Since product in A is trivial, if necessary, one may first consider an automorphism of A so that
Then there is a minimal model φ : ΛV → A with V = a α , b j such that da α = 0, |b j | > 2con(A) and db j ∈ Λ ≥2 V . Suppose we have already defined φ n : ΛV ≤n → ΛV such that f φ n = g| ΛV ≤n . Let φ n+1 be any extension of φ n (this always exists since all cycles in Λ ≥2 V are boundaries).
Let {v i } be a basis of V n+1 . Then
Therefore,
Continuing in this way we get the required map φ.
Corollary 5.4. Let f : X → Y be a map such that H n (f ; Q) is a surjection for n > 2conY . Suppose that Y is rationally a wedge of spheres, A is a model of Y , B is a model of X and φ : A → B is a CDGA map such that H(φ) = H * (f ). Then φ is a model of f . Proposition 5.5. A model for the inclusion ι :
Proof. First we know that φ is a CDGA map, and also by [LS05, Theorem 1.6] φ is a model of the map ι as Λ(c)-modules. Thus it induces the correct map on cohomology. Then Corrollary 5.4 implies that it is a model for the inclusion ι. Now, we compute some model for S 2n # T k S 2n . Consider the subvector space I ⊂ Λ(a i , da i ) with basis {a i 1 · · · a i j da s 1 · · · da s k |k ≥ 2 and if k = 1 ∃ t ∈ {1, . . . , j} with i t ≤ s 1 }.
Lemma 5.6. Then I is an acyclic differential ideal.
Proof. It is clear that I is a differential ideal. Since Λ(a i , da i ) is acyclic, it is equivalent to show E := Λ(a i , da i )/I is acyclic. E has a basis for representative
Note that the map φ in Proposition 5.5 is not surjective. So we replace φ : B → C with Therefore from well-known facts, we get the following.
Now we state our main Theorem whose proof follows from Propositions 5.10 and 5.13.
as a vector space. Let the differential d = 0 and {α I } be a graded basis for H * T k for I ⊆ {1, . . . , k}. Then a multiplication β : A ⊗ A → A is determined by (5.6)
, and β(µ 2n , y) = 0 for y = 1, with I, J ⊆ {1, . . . , k}. Let I ⊆ {1, . . . , k} and I c = {1, . . . , k} − I. Instead of computing D carefully, we construct a map ξ : A → D that is a quasi-isomorphism. We define ξ by (5.7)
where I = ∅. This may not define an algebra map. So we need to replace the image of ξ by a quasi-isomorphic CDGA, possibly by a quotient D/J for some acyclic ideal J . Let J be the ideal of D generated by the following.
where ρ is a permutation of I c ∪ I = {1, . . . , k}. . . , k}, I = ∅} is a graded basis for A. Note that the map η is same as ξ as in (5.7). So η is a graded module map and injectivity follows from the fact their image is a part of a basis as module over Q.
It is a chain map since differential on A is zero and differential on the image of each basis elements of A is zero, that is d(da
We have the following commutative diagram of DGM.
(5.11)
Proposition 5.13. The map πξ : A → D/J is a CDGA map and quasi-isomorphism.
Proof. First we show that πξ is a quasi-isomorphism. So it is sufficient to show η is quasi-isomorphism which is equivalent to show that D/A is acyclic. The later is true since the ring D/A can be generated by {(c, c), (b a {1,...,k} , b a {1,. ..,k} )} as a graded module.
To show the other part, we need to show πξ is a chain map and πξ is an algebra map. Recall that {s Thus πξ is a chain map. Now to show πξ is an algebra map. We check this on the above graded basis of A. Recall the multiplication on A from (5.6). Let I, J ⊆ {1, . . . , k} and I = {i 1 , . . . , i s }, J = {j 1 , . . . , j t }.
(1) πξ(s In the rest of this section, we compute the cohomology ring of connected quasitoric manifolds.
Theorem 5.14. Let M and N be 2n-dimensional quasitoric manifolds. Then the cohomology ring of M # T k N is given by the ring R(M, N, T k ) of (5.12).
Proof. By Lemma 2.13 M # T k N is homeomorphic to M #N #(S 2n # T k S 2n ). Now applying the following process 3 times one can prove the theorem.
There are augmented map X : H * (X, Z) → Z and orientation classes µ X ∈ H 2n (X), for X ∈ {M, N, M #N, (S 2n # T k S 2n )}. Let By similar arguments as in the previous paragraph, H * (M # T k N, Q) is naturally isomorphic to R(M, N, T k ).
Remark 5.15. The arguments in the proof of Theorem 5.14 is well-known. We represent it for the completeness. Explicit description of the cohomology ring of a (quasi)toric manifold is given in [DJ91, BP02] .
